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The Problem
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Normalised Covid Infection Curves
by Local Authority District in England

Source: Office for National Statistics licensed under the Open Government Licence v.3.0.
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The Model

Our model:
Yu(t) = Xu(h

−1
u (t)),

perhaps with measurement error, where:

Xu(t) = ξuµ(t) + δεu(t) for a random scalar field ξ, fixed mean function µ, small
δ <<

√
Varξu and random unit-norm errors εu(t); and

h is a random functional field on [0, 1] that satisfies: h(0) = 0, h is a diffeomorphism and
Eh = id.
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The Method

A simplified version of our method (see the poster for more detail):

1 For each pair (i , k), we estimate the pairwise warping gik := hi ◦ h−1
k , comparing

Yi ◦ gik ≈ ξiµ ◦ h−1
k to Yk ≈ ξkµ ◦ h−1

k .

2 For each i , we estimate a functional variogram,

2γi (uk , uℓ) = E||gki − gℓi ||2, (1)

by making the approximation 2γi (uk , uℓ) ≈ 2γ̃i (d(uk , uℓ)).

3 We then define for k , ℓ ̸= i

Ĉ
(i)
kℓ := γ̃i (∞)− γ̃i (d(uk , uℓ)), and (2)

ŵ (i) ∝ (Ĉ (i))−11n−1, (3)

where 1n−1 is a length-(n − 1) vector of ones, and
∑

k ŵ
(i)
k = 1.

4 We then finally estimate the hi as a weighted mean of the (ĝki )k :

ĥi
−1

=
∑
k ̸=i

ŵ
(i)
k ĝki . (4)
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Simulations

C: Rotationally Symmetric Density
with Gaussian−Distributed Radius

D: Mixed Bivariate Gaussian Density

A: Regular Square Grid B: Uniform Density
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Applications
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Locations of the Local Authority Districts in England*

*Excluding the Isles of Scilly and City of London.
 Source: Office for National Statistics licensed under the Open Government Licence v.3.0.

 Contains OS data © Crown copyright and database right 2023.
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Locations of the NUTS 3 Statistical Regions*

*Excluding Iceland, Turkey, Cyprus,
 the French Départements d'Outre−Mer, the Spanish Canarias, and

 the Portuguese Região Autónoma dos Açores and Região Autónoma da Madeira; and
 that were unchanged from NUTS 2013 to NUTS 2016.

 Source: Boundaries provided by Eurostat; centroids thereby calculated.
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Inverse Warping Functions
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